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ABSTRACT 

The  subaddit ive sequences of operators  which belong to a yon Neumann  

algebra with a faithful normal  s tate  and a given positive linear kernel are 

considered. We prove the almost sure convergence in Egorov's  sense for 

such sequences. 

Introduction 

This paper is devoted to a presentation of some results concerning strong limit 

theorems in non-commutative probability which the authors proved in recent 

years. The first results in this field were obtained by Sinai and Anshelevieh 

[20] and Lance [17], who showed almost sure convergence in Egorov's sense [20], 

[17], [19] in an ergodic theorem for transformations of von Neumann algebras 

(earlier govacs and Szlics [15] showed mean convergence in this case). During 

the last 10 years numerous results were proved, the main part  of which were 

given in R. Jajte 's  monograph [12]. The first mat ter  we consider in this paper 

is as follows. Let {x,}  be a superadditive sequence, i.e. z , + , ,  > x ,  + an (x , , )  

where a is a positive linear kernel in M, p o a = p (see [12]) and the number 
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sequence p (n - l z , , )  is bounded. It is necessary to consider almost sure and mean 

convergence of n - l z . .  This question is solved in section 1 under the additional 

condition sup,, n-~][z,,[[ < +oo. Note that in the case when the state p is a trace, 

this result was proved earlier by Jajte, but in the general case the research of the 

sequence n -1 z .  is more difficult. 

In section 2 we consider convergence of supermartingales, i.e. sequences {z .  } C 

M of selfadjoint operators satisfying the condition 

= > = 1 , 2 , . . .  

where T,, is an expectation from M on some von Neumann subalgebra M,, with 

respect to p and also M1 C M2 C " "  C M .  C . . . .  Under natural  conditions we 

obtain mean and almost sure convergence. The proof of this result is like that 

of the superadditive ergodic theorem from section 1. When the state p is a trace 

this result has been previously obtained by Cuculescu [5] (see also [2]) but  the 

method of these works does not transfer to the case of a general state. 

In section 3 we consider majorant convergence in ergodic theorems for trans- 

formations of yon Neumann algebras. We assume the state p is a trace and prove 

for a selfadjoint operator X affiliated with M and X E Lv(M, p), p > 1 (see [24]) 

that  there exists {y.}oo__, C Lv_,(M, p), e > 0 (no matter  how small) such that  

- Y .  <_ - _< Y., 

(see notation above), and 

rt = 1 , 2 , . . . ,  
n--1 

w h e r e  = . - '  a ' ( X )  
n----O 

.~ = lira ~r.(X). 

From there it is easy to see the ergodic theorem for the average 

n l  --1 n,t --1 

il=O i.=O 

where a l , . . .  ,an are positive kernels in M,p o aj < p,j = 1 , 2 , . . . ,  n. 

The authors are grateful to the reviewer, who points out an elegant work of 

Dang-Ngoc [7], in which almost sure convergence for hounded martingales is 

proved. 
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1. Superadditive Ergodic Theorem 

Let M he a yon Neumann algebra acting on the Hilbert space H and let p he a 

faithful normal state on M defined by the separating cyclic vector ~0. Let a be 

a linear mapping from M into M satisfying the next conditions: 

(1) aM+ C M+, a(1)  = 1, p(a(x))  = p(x) 

where M+ is the set of positive elements from M, 1 is the identity of M, x E M. 

Denote the commutant of M by M' and denote the space of linear continuous 

(normal) forms acting on M' by M'*(M~.) [8]. Every selfadjoint operator x • 

M is associated with a Hermitian normal functional wx acting on M', where 

wx(B) = (xB~o,~o) for all B • M'.  

We shall denote the norm of the functional ~o • M'* by [[~o[[1. For x = z* • M 

put [[xi[1 = [[wx[[1; it should be noted that I[xlh = sup[(xB~0,~0)[, where B* = 

B E M ' , - 1  < B < 1, and therefore [[o~(x)[ll _< [Ix[[1. 

We shall denote the norm of the operator x by [[xI[oo and the norm of the 

vector x(0 by Iix[[2. 

We shall denote 1/kZ~-o~TiY by a,,(T; Y) where T is a linear operator acting 

on the Banach space L, Y • L. If it does not lead to a misunderstanding we omit 

the term T and write a,~(Y). We say that the sequence {YnJn°°__l C M converges 

almost surely (a.s.) to Y0 • M if for every e > 0 there exists a projection E • M 

such that  p(1 - E)  < e, limn--.oo [IE(Yn - Y0)E[[oo = 0 [25]. We say that  a 
X o o  sequence { n}n=l C M of selfadjoint operators is superaddltive if there exists a 

linear map a such that (1) holds and 

(2) Xn+m ~_ X,~ + anX,r,, where n, m = 1, 2 , . . . .  

THEOREM 1.1 (see [12], [16], [10D): Let {x.}~=l E M be a superadclitive se- 

quence and 

(3) supllxn/nIloo = C < +~. 
n~>l 

Then there exists a selfadjoint operator xo E M such that 

ax0 -- z0, lim [[z,,/n - x0[[1 -- O; 
n - - ~ O 0  

x,,/n converges a.s. to z0. 

In order to begin the proof let us state the following lemmas: 
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LEMMA 1.2 ([9]): Let a be a linear map from M to M satisfying (1). Then 

there exists a linear map ~ : M I ~ M I such that 

(i) a'(M~.) C M~r,a'(1) = 1,(a'(B)~o,~o) = (B~o,~o) for every B 6 M~.. 

(ii) (a(z)B~o,~o) = (za'(S)~o,~o) for all x E M , B  E M' .  

Let a ~ be the operator acting on M'  constructed in Lemma 1.2 from 5. Then 

((a')*(w~))(B) = w~(~)(B) where x = z* e M , B  e M'  and the operator (a')* 

transforms (M')  + into (M')  +. 

LEMMA 1.3 (see [121/: Let {w,,}.°°= 1 C M be a superadditive sequence and 

m 

y n = l / m E ( w ~ - a w ~ - m ) ,  w 0 = 0 ,  m = 1 , 2 ,  . . . .  
I¢-~1 

oO There exists a sequence {z.} .= 1 C M+ such that 

(4) n a , ( a ,  ym) >__ w ,  - m -1 z , ,  1 < n < m 

and sup,_>,  11y,,tll < o~. 

LEMMA 1.4 (see [14], [12]): Let {x.}.°°__ I C M+ be a superadditive sequence. 

There exists a positive normal functional ~ on M'  such that 

I1~11, = 3, = ~im p(x , /n ) ,  a((a ' )* ,~)  _> - - ' w z . ,  n = 1 ,2 , . . . .  

Proof  Let {W},°°=~, {zn}~°°_- 1 be constructed by Lemma 1.3 from the sequence 
oo  {xn},_-l. The functionals wy. are uniformly bounded and have an accumula- 

tion point v0 in the a ( (M' )* ,M' )  topology. It follows from inequality (4) that  

an((a')*, v) > n - ' w z .  >_ O. Then 

m s  

II-011 = .0(1) = l ip [ rag '  ~ ( ~ . .  - ~ . . . _ , ) (1 )1  = lim m/'p(Xmo) = V, 
k = l  

where wy,,,° converges to v0. From the uniqueness of Takesaki's decomposition 

[22, p. 127] we have 

( ( (~ ' )*)~(~)) .  = ( ~ ' ) * ( ( ( ( ~ ' ) * ) ~ - ' ( ~ 0 ) ) . )  + . . ,~ ,  

where vn,~ = ((a')*((((a')*)~-1(v0)).))-,v.,0 = (v0)n and (v) . ((v) . )  are the 

normal (singular) parts of v. Then 

(5) (((,¢)*)"(Vo)).(1) = ~ IIv,,,,ll~ _< "r 
i----O 
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oo  1/ and the series ~ = ~]i=0 ,,i converges in the norm ][. [11. Moreover 

n - - 1  i n - - 1  

(6) .~.((~')*.~) _> ~ ~((~')*)~-'(~..,) = ~ ( ( ( ~ ' ) ' ) q ~ 0 ) ) .  _> ~=o. 
i----0 I----0 i~-O 

From (6) and (5) it follows that [M[ = 7- 

LEMMA 1.5 (see [6]): Let v be a normal Hermitian functional on M ~. Then 

a~((a ')*,u) --* fi in I1" II1, where V = Ev and E is the projection on the (tr')*- 

invariant points in M" such that the range of the complementary projection is 

the closure of {(Z - (a ')*)(M')}.  

Proof: Let K be the completion of the real linear space of all selfadjoint elements 

of M under the norm [[. [[2, and let /~ be the complexification of K.  From 

Kadison's inequality [13] (az) ~ _< a(z2), it follows that the unique extension of 

a o n / ~  is a contraction in/~.  Since K is reflexive, it follows from Corollary 8.5.4 

[6] that 
H'II 

~.((~')*,~=) -~ ~E= when n --. ~ ,  

and from inequality [[x[[1 _< [[z[[2 correct for z = z* E M it follows that  

~.(~, ~ ) I ~  E=. 

Coron~es  2 and 3 (8.5 [6]) ~nish the proof. 

Proof of Theorem 1.1 (Norm [[-[[1 Convergence): The sequence 

is positive and superadditive. 

By Lemma 1.4 there exists a normal I-Iermitian functional ~ such that  

~r,((a')*,~) >_ n-lw=,, -~ , ( (a ' )* ,w=~)  and [[~[[1 = lim p ( z , / n ) - p ( z l ) .  
n---~OO 

Let ~ be a limit of ~r,,((a')*,~) in the [[. [[1 norm. By Lemmas 1.4 and 1.5 we 

have 

I I~=..z,. - & + ~ ,  I1~ -<11~=..~.. - , : r . ( ( ,~ ' ) * ,  ~ = , )  - , ~ . ( (o / ) ' , , ~ )111  

+ I1,~,,((,~')*,~, - ~)11~ + 11,~,,((,~')',~=,)11~ ~ o. 

From (3) it follows that  0 < ~ < 2c0wz. By theorem 1.4.5 [8] there exists .~o E M 

such that  ~ = w~0 or I1= . / .  - ~0 - ~1111 -~ 0 when rt --* 0¢. 

Let us prove a.s. convergence. 
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THEOREM 1.6 (see [9]): Let {A.}N=1 be a Kn/te set ofselfadjoint operators from 

M, {e.}~=l aa~iteset ofpo~iti,'enu,-.,|,ers. Z f~ f , ,Z ' I IA . I I ,  < 112 ~hen the,',, 
exists a projection EN e M vdth p(EN) >_ 1 - -  EN=le n, IIA.III and such that 

I I E N a . , ( A . ) E N I I o o  < e .  f o r m ,  n = 1 , 2 , . . . , N .  

In the proof of the theorem we use finiteness of this set of selfadjoint operators. 

We also note that in this theorem An need not be positive as in [9]. 

LEMMA 1.7: Let {w,}~= 1 be a superadditive sequence, {Y*}~=I and {z,}~= 1 the 

sequences of  positive operators constructed by Lemma 1.3. Then 

(7) w ,  > (to - t )a~_t(wt / t ) ,  where I <_ t < ~; 

(8) na.Cw,/t)  >_ (n - ~)<,._,,(<T.(w,/t)), where n > ~ > 1; 

(9) 

n--1  

,,,,,,(~. - ,,,,It) + ~_, o/(,,,,/t) + s-' .z,, 
i : n - - t  

n--1 

_> w .  - , ~ . , (w , / t )  + ~ ~ ' (w, / t )  ~ o, w h ~ e  I < t < .  < s; 
i = n - t  

n - 1  k - 1  

,~,,(~.(yo - ,,,,It)) +.,-Xz,, + ~ ~'y. + ~ ~(o-.(~,/t)) 
(10) /=o i = ~ - , - .  

> w~ - (~ - t - n)cr~_,_n(~n(wj t ) )  > O, where 1 < 2t < 2n < ~ < s. 

rrere ~k(=) = ~k(~, =). 

Proof: Inequalities (7) and (8) follow from positiveness of the operator wt and 

(9), (10) from the inequalities (7), (8) and (4). 

LEMMA 1.8 ([3]): Let z E M.  Then 

~.(~))11o~ < 2-~11~11oo where ~ > 2n. II~,(x 

We shall denote lim~-.oo a~(=,)  in the norm II-II, by 4 , .  The existence of 

the limit follows by Lemma 1.5. 
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LEMMA 1.9: Let  {z-}.=--1 be a superaddit ive sequence. Then  

~ , m / n  >_ ~m where n , m  = 1,2, . . . .  

Proof.: We have f rom superaddi t iv i ty  

Znm ~_ = m  "~ Gtm z m  + " " " Jr o t ( n - - l ) m z m  • 

Then  ~ . m / n  >_ =m. 

LEMMA 1.10 ([18]): Let  z = z* E M.  For  every e > 0 there exists y = y* E 

M ,  I l v l l =  _< 311=11= su~ that I1= - VII2 < e, I I " , , (v )  - ~11= - '  o as s ~ oo, where 
= l im a~ (a ,  =). 

Proo f  o f  the a.s. convergence: Let {V, = z ,  - h a ,  (z,)}-~=I,  l i m , - . =  p ( V , / , )  = 

3'- There  exists a subsequence { V t , } ~ l ,  such tha t  sups>,~ II~,/t t  - vo/~ll, <_ 
2 -2 t ,  where  tt+l = m .  t t  for some na tu ra l  number  re( l ) .  Then  

(11) p(Vt,) > lira ItVo/sll~ - s u p l l ~ , / t ~ -  V,/sll~ >_ 3" - 2  -2t. 
s ~ o o  s > t ,  

We cons t ruc t  sequences {Y.}s==, and {Z.}.°°__, by L e m m a  1.3 for {V.}.==p Let 

rtt = max{Q, [(p(Vt, ). 2-2t) -1] + 1}, 
rtl 

s~ = max{nt,  [p(~'-~ Zi) .  2-2t) - ' ]  + 1}. 
i=1  

T h e n  for s > sit > tt  we have 

3" >_ p(Yo) = K V , / s )  >_ 3" - 2-2t; 
n t --1 nl  

Il l l -t  ~ a~(V~,lt~)ll~ < 2-~t;(s "~l) -~ ~ p ( z i )  < 2 -2t. 
i = n t - - t t  i = l  

It  follows for s > s~ tha t  

IIo.,(Y, - Vt,/tt)[l~ 
n l  --1 n l  

< I I o - , , ( r ,  - v, , I t t )  + l in t  ~ ~ , ' ( v , , / t t )  + l / ( s . - , ) ~ Z ,  ll,  
i = n t - - t l  i = 1  

n l  n,t - 1  

+ IIl/(s. nt)~_, Z, ll~ + IIl/-t ~ ~,qv,,Itt)ll~ < 5.2 - t .  
i=1  i = n t - - i t  
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By Lemma 1.10 there exists a sequence {xl,t}t°°__l such that 

II~,slloo < 311~,11oo; II~, - ~,,tll~ < 2-~;  I I ~ ( a , ~ , s ) - ~ l l o o  < 2 -~t 

when t¢ -~ oo, where ~, = lim~-~oo a(Zl ). We choose {Vt' t }~1 such that 

IIV,',lloo < 311V,,lloo; IIV,, - v,',ll~ < 2-2t ;  I I ~ . ( v , ' , # , )  - ~ , t 1 =  -~ o 

where I)t, = lim~._.= as (a ,  Vt' '/tt). There exists ~ such that,  for t~ > x~, the 

next inequalities are correct: 

1 1 , 7 ~ ( v , ' , l t t )  - ~,,11oo < 2 -~ t ;  I I ~ ( a , ~ , , t )  - ~,11oo < 2 - ~  

Put  

x~l = [(21' " n t .  2-2t)  -1] + 1, 
I I .  I R1 = m a x { 2 n t  + 1; t¢1, k 1 + n 1 Jr- t l ;  [311h, I1="  (~1 JI- R , ) "  ~--2)--11 .~_ t l  .~_ n l  31 - 1},  

and for g > 1 

nt = max{2nt + 1; tOt-l; t¢~'; ~ + nt  + tt; 

[(311~,11=. (tt + nt) .  2-~t) -11 + t t  + nt  + 1}, 
tct+l 

st = max{to + l,si,[( Z P(Zi))-'" 22t1 + 1}. 
/----1 

Let 1 > e > 0 and £0 = [logl/2 ~] + Cl where ci is large enough. Then 

2tC2tllV,',lt~ - ~, / t t l l l  + £ II~,~+,/tm+, - ~ . l t ~ l l l  
t>_to m=t 

~t+l  nt  --1 

+ II~,.,(a, (Y., - v , , / t t ) ) l l ,  + ll~t ~.  Kzi)+ ll,;tll ~_. a~rs ,  llx 
i--~l i----O 

+ 2t11~1 - ~l.tllN) < 42.  

We note that 

I I V ' m + , # m + l  --  ~ . / t m l l '  < I I V ' m + , # . + l  - -  V ' . # . I I 1 .  
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Let N > e;tÜ. We construct a projection EN by Theorem 1.6 such that 

(12) 

( 1  - -  EN) <: 2' I IE.ap((V[,pt - ¼,/t.,)2)ENIIoo < 2 -2t, 
N 

lIEN ~-~(Z.,+,lt,~+, - Z.,It,~)ENlloo < 2-t; 
m-~t 

IIEN~p((~, - ~ , , t )~)ENII~ _< 2-~fi  

I IEN~p(~ . , (Y~ ,  - Vt, l t t ) )ENI Ioo < 2- t ;  
tgL+I nl-- 1 

I IEN(1 /s t  ~ Z, lEN[Ioo < 2 - t ,  I IEN(1/ ,~t  ~ a 'Y. , )ENI Ioo < 2- t ;  
i=1 i=0 

g = g o , . . . , N ;  p = 1 , 2 , . . . , N .  

Let F be a weak accumulation point for {E,}N>,% and let F = f :  AdF), be a 

spectral decomposition for F, E = f~/2 dF~,. 
Then E _< 2F; (1 - E)  _< 2.  e/2. By the inequality 

limsup [IENxENIIoo < ,5 
N n > N  

it follows for positive X E M that 

I IEXEI Ioo = I l X m E X ' / ~ l l o o  < 2 1 1 X ' / 2 F X m l I ~  < 26. 

For t~t < x < Xt+l we have: 

I IE (x . / ,~  - x0)EIIoo < I I E ( x ~ / k  - #~ (x , )  - x0)EIl~o + I IE( t ,~ (x , )  - ~ , ) E I I =  

< IIE(V,,It; - ~ - tt - n t k _ , , _ . , ( ~ . , ( ~ , / t t ) ) ) E i I  ~ 

(13) + i iEtt  - nt ~. - , , - - ,  (~., (V,, Itt))EIIoo 

+ I I E ~ . ( ~  - ~ , , t ) EI l~  + IIE(~.(~, ,~)  - ~ , ) E I l ~  

+ I I E ( ~ . - , , - . , ( ~ . , ( V , , I t t ) )  - ~0)EIIoo. 

By inequality (10) the first term is not more than 

(14) 

n t  --1 

IIE(,z~,(a,,(Y,, - B,  Itt)) + (~. st)-~Zt + k~ "~ ~ aiyo, 
i----0 

+ ,~-~ ~, ~ ' (~ , , (Y , , I t t ) ) )E I l~ .  
i=  K - t z  - n t  



M.S. G O L D S T E I N  A N D  G.YA. G R A B A R N I K  Isr. J .  Ma th .  170 

From the next estimates 

, , , ( ( V , ' t / t t  - V,t/ t t )  2) > ( a , ( V , ' , / t t  - V , t / t t ) )  ~ 

and 
, - -1  

o <_ k-' ~.  ~(a...(v,.Itt)) 
i = , - - t t - -n t  

= a . (v , , / ¢ t ) )  ~ - t t  - ~ % . - , t - n t ( a n , ( V , , I t t ) )  

~; -- t t  -- rtt 
< a.(ant (Vtt/ t t)  -- Vt, / t t)  a . - t t - n t  (ant (Vtt/ t t)  - Vtt l i t )  

_b a , ( V t t / t  t _ V { t / t t  ) ~ - t t  - n t a , _ t t _ n t ( a n t ( V , t t / t  t _ V , t / t t )  ) 
I¢ 

+ a . C ~ ' , / t t ) -  ~ ,  ~ - t t - n t C a . - , , - . t C ~ ' , l t t ) - ~ t ) + ~ t + n t ~ , ,  

<_ 2nt(1/~ + 1/(~ - nt  - tt))llV,, Iloo + 2 . 2  -2t + tt + .tll~t/ttll~ 
/¢ 

+ a , ( V t t / t t  - V { t / t t )  ~ - t t  - n t a ~ _ t t _ n t ( V t t / t  t V t ' t / t t )  , 

it follows that  
k--1 

(15) IIE(~-' ~ ai(a.t(Vtt/tt)))El[ <_ C2" 2 -t, 
i : , - - t t  --nt 

where C2 is sufllciently large. It follows from inequalities (12) and (15) that  the 

value of (14) is not more than C~ • 2 - t .  The second and fourth terms are not 

more than 2 - t .  It follows by inequality (12) that the third term is not more than 

2 . 2  - t .  Let us estimate the fifth term, which is not more than 

I Ie(a ._ , ,_ . , (an ,  CV, t l t t ) -  V,t))elloo + IIEa~-,t-n~CV,, - V,' )el l  ~ 

+ I lm ( ~ . - , , - . , ( v , ' , )  - ~,,)EIIoo + IIE(~,, - ~0)Etloo 

< 2nt IIV,,/~tltoo + 2 . 2  - t  + lie ~ ( ~ . + , / ~ . + ,  - ~s/t.)Etloo < 6-2 -t.  
- -  ~ _ ~ t _ n t  ,>_t 

We used inequality (10) and Lemma 1.9. It follows that ~ ,  T ~0. Thus the value 

of (13) is not more than cs- 2 - t  for some constant cs or 

A further extension of Theorem 1.1 to the case of connected amenable locally 

compact groups may be found in [11]. 



Vol. 76, 1991 ALMOST SURE CONVERGENCE 171 

2. C o n v e r g e n c e  o f  S u p e r m a r t i n g a ] e s  

Let M, M',  M.,  ~0, H" I[ be as in section I. Let {Mn)nco=1 be an increasing sequence 
c o  I I  Oo / !  of von Neumann subalgebras of M and M0 = (Un=iM,~) , where (Un=IMn) 

is the bicommutant of Unco=]Mn. Suppose also that there exists a conditional 

expectation ~n : M --+ Mn with respect to p for n -- 1,2, . . . .  Let 7~*: M.  

(Mn). C M.,  where (Mn).  is the predual of Mn and (~o~,(w))(z) = w(~o.(z)) 

where w E M. ,  z E M. It foUows from the definition of ~o~ that  

~o.. ~0" = ~o~.i.{a,m}, where n ,m  = 1,2, . . . .  

o o  A sequence {~-},,=1 of linear Hermitian normal functionals on M is called a 

supermartingale if the following conditions are satisfied: 

(1) supn_> 1 I1~.111 < 0o, 

(2) ~0"(¢.) = ¢.,  .~0"(¢.+i) >_ ~. for n = 1, 2, . . . .  

A set {~i}i~! of linear Hermitian normal functionals is called absolutely contin- 

uous if for any decreasing to zero sequence {Pn}nco--1 of projections from M 

supl~(p. ) l  - ,  0 w h e n .  --, oo. 
iE/ 

THEOREM 2.1: Let {~-}.co--1 be a supermarfinga/e. The following statements are 

all equivalent: 

(i) the set ( & } ~ = l  is absolutdy continuous; 
(ii) the sequence {~-)~=I converges in the norm ]]-[h to ~0 E (M0).; 

(iii) the sequence {~-}~=1 converges in the a( M* , M) topology. 

If  one of the conditions (i) - ( i i i )  ho/ds, then for every e > 0 there exists a 

projection E E M such that (1 - E)  < e and 

sup ([(& - ~0)(x)l "p (x ) - '  ) - ,  0 . ,hen n --, ~o 
z_>0 

zEEME 

if we regard O . (oo) = O. 

COROLLARY: Let {z.}.co__ 1 C M be a sequence ofselfadjoint operators such that 

~ . ( x . )  = ~ . ,  ~ . ( ~ . + ~ )  ___ ~ . .  

I f  sup[]z,][co < +o% then the sequence x ,  converges a.s. in M. 

To prove Theorem 2.1, we need some preparation. Let ~0" be the mapping 

constructed by Lemma 1.2 from the conditional expectation ~0,. 
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LEMMA 2.2: The mapping ~o~ is a conditional expectation on some  yon Neumann 

subalgebra N,, with respect to wz and 

Nn C Nn+l, where n = 1 , 2 , . . . .  

Proof: It  follows by  L e m m a  1.2(ii) tha t  ~o',, is a project ion,  ~ ' ( 1 )  = 1 and  

wz(~o~(a)) = wz(a) for all a E M ' .  Let Pn be the or thogonal  project ion on 

R .  = { M . ~ 0 } - .  Then  ~o.(A)R,, C R .  for A e M and ~o'(B)~ = P,,(B~) for 

B 6 M ! since 

~o.(A)~o,(X)~o = ~o,(A~o,(X))~o = P,(A~o.(X)~o), 

(X~o, ~o~(B)Y~o) = (~o~(B*)Y*X~o, ~o) = (Y*~o,(X)~o, B~o) 

= (P.X~o, BY,o)  = (X~o, P.BY~o),  

! ! 
where X E M, Y E M . .  Fur ther  ¢2.(B)cp,,(A)~o = P . ( B .  ~0"(A)~0), and  

f rom ~0"(B)~ = P.(B~) it follows tha t  ~o~(B. ~ ' ( A ) )  = ~0~(B). T ' ( A )  where  

A , B  E M'.  It follows by normal i ty  of ~o" tha t  ~o ' (M ' )  = k e r ( I  - ~o') is weakly 

closed, i . e . N .  = ~0tn(M ' )  is a yon Neumann  algebra.  From the Cauchy-Schwarz  

inequal i ty  it follows tha t  ~o~ is a project ion of no rm one, hence ~ .  is a condit ional  

expec ta t ion  f rom M ! on the von N e u m a n n  subalgebra  N,, wi th  respect  to wz. It  

is easily seen tha t  Nn C Nn+x, where n = 1 , 2 , . . . .  I 

LEMMA 2.3: Let ~ be a linear normal Hermitian functional on M. Then 

I1~o~,(~) - ~ (~)111  --, o w h e n .  -~  oo ,  

where ~o is a conditional expectation M on Mo with respect to p. 

Proof." For  every b = b* E M '  we have ~ ' ( w b )  = ww-(b). I t  is known tha t  

~o'(b) converges in I1" 112 to ~0(b) where ~0 is the condit ional  expec ta t ion  on 

(U,,>_IM~,)"[/]. Since x = x* E M we have II~o,(z) - ~0(x)ll~ --, 0 w h e n .  --, oo 

a n d  ¢ ' ( b )  - ,  ~o~,(b) w e a k l y  for b e M ' ,  i.e. ~ = ~0 .  S ince  Ilblll < Ilbll~ for 

selfadjoint b E M '  it follows tha t  

lim II~o~,@b) - ~o~@b)lll = l iml l~o'=(b)  - ~ ( b ) l l l  = 0. R 
n - - ~ O O  
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THEOREM 2 .4 :  Let {~-},,~=1 C M ,  be a sequence ofHermitian functionals and let 

{e,,},,°°__ 1 be a sequence of  positive numbers with e,, < 1 and ~ = l e ~  ~ II =lla < 1/2.  

There exists a projection E ~ Mo such that 

cx~ 

r t  --.-~ 1 

and I~=(~(~))1 < ~,P(~) x ~ E M E ,  x >_ O; n, k = 1, 2 , . . . .  

Note that  it is essential in the proof of this theorem that  the sequence of 

subalgebras {Mn} increases. We also note that  in this theorem ~n is not positive. 

LEMMA 2.5: There exists a set f~ which is H" II1 - dense in the space of  all linear 

/-/erraitian norton/functionzds, such that for ~ E f~ we have 

Proof." 

s u p  - • I - ,  0 .  
xEM 
z>o 

Let 6 > 0. There exists by Lemma 2.3 a number No such that  

I[~@b) -- ~(wb)l[1 < ~ for n > No. 

Let 
o o  

& = W b - - ~ ; ( W b ) + ~ 2 - "  * " " ~No+n(Wb)  • 
n = l  

Then II~-~tl l l  < ~. Since I(bz~o,~o)l < Ilbll~p(z) forb = b* e M ' , z  >_ O,x e M,  

it follows that 

sup )(~Tv(W) - ~ ( ~ ) ) ( x ) l ( p ( x ) )  -1  _< Ilbll~2 -N+N° --* 0 
z_>O 
$EM 

when N ~ c¢. | 

Proof  of Theorem 2.1: The sequence {~,,},,°°= 1 is bounded in M*. Hence it is 

relatively a(M*,  M)  compact. Let {~,,, }Ter be a set a(M*, M) - -  converging to 

~0 E M*. Since ~(~, ,~) = ~,,, it follows that ~(~0)  = ~0 and ~0 is a Hermitian 

functional. It follows from the fact that ~ (~ , , , )  > ~e when n. r > t that  

( 3 )  ~(~0)  > ~t for t = 1 ,2 , . . . .  

It follows from (3) and (2) that 
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(4 )  o _< ~ ( ~ , + ~ ( ~ o )  - ~ )  _< ~ ( ~ o )  - ~ . .  

Let ~ be some limit point of the set {~,,},oo=~ and let {~,,,, }-e'er' be a net which 

converges to ~ .  From the inequality 

o _< ~ ; ( ~ , , ( ~ o )  - ~ . , , )  = ~ ; ( ~ o )  - ~ ; ( ~ . , , )  

it follows that ~;(~o) > ~o;(~) and also ~;(~o) < ~ ; ( ~ )  so that 

* = ~ t ( ¢ o ) -  (5 )  ~ e ( ¢ o )  * ' 

Thus 

(6 )  11~7 , (¢0 ) -  ¢.111 --* o w h e n  n --, oo  

because by (4) it follows that 

11~7v(¢0) - CNII~ < I 1 ¢ , ( ¢ 0 )  - ¢ . .  II1 = ~o(1) - ¢ n , ( 1 )  

when N > n. r. It follows by (4) and (6) that ~;(~0) • (Me).. 
(i) ~ (ii). The sequence {~,,}~=1 is relatively a(M., M) compact by ([20] p. 

149). Let {~,,,}-ter be a net a(M.,M) - -  converging to ¢0 • M..  It f o n o w s  by 

Lemma 2.3 and (6) that 

I1¢. - ¢011 = lien - ~oX(¢0)llx + II~X(¢0) - ¢011~ ~ 0 w h e n  n - - *  o o .  

(ii) =~ (iii) This is obvious, 

( i i i )~ (i) This follows by weak sequential completeness of M. ([221 p. 148). Let 

It be a natural number such that when n > it,  we have I1~(¢0) - ¢,111 < 2 -2'- 
OO 

Let  ~ ,  = ~ ( ~ ( ~ o )  - ~ .  - (~ ; , (~0 )  - ~ ; , ( ~ n + , ) ) ) .  
ltit~-~ti: 

It follows from the positiveness of the terms in the series and (6) that 

I1~,11 - (~o;,(¢o) - Ct , ) (a ) .  

Besides, for ! > It we have 

t--1 

~ot (~ , )  = ~o,,(¢~) - ¢ . )  - so: (¢ , , )  + ~o,,(¢, ,+~)) + ~ t ( ¢ o )  - Ct > ~ t ( ¢ o )  
, ,=t,  

(7 )  = Ct. 
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Let  ~ " )  = ~'],~°-- 1 ~0d¢ be a decomposit ion by d e m e n t s  f rom the set fl  which is 

const ructed in Lemma  2.5, where [[~0,~[[1 < 2 -2~+1 when i¢ > 2. Let  e > 0 and 

to0 > - l o g ½ e + 3 .  Then  

(2"llw.lll + 2.2".  I1~o,.111) < ~. 

Let 6 > 0, t[ = [ - log½ 6] + 2, no = max{e.o, t[}. There  exists by Theorem 2.4 a 

project ion E E Mo such tha t  p(E)  >_ 1 - ~ and 

sup (~0,~(~.(x))  - ~o,~(~o(x)))" (p(x))  -1 <_ 2 -~ ,  
zEEME 

z>_O 

(8) sup I(~,(x))l. (P(X))  -1  <-- 2-~ 
zEEME 

z>0 

for ~ >_ n0 and n = 1, 2, 

sup (l(~n - ~o)(X)[(P(X)) -1 )  -< sup ([(~n - ~o)(~n(x))[" (p(x))  -1)  
xEEME zEEME 

• >o  z>o 

(9) + sup (l(~0(~o.(x)) - ~o(x))l@(=))-'). 
zEEME 

~>_0 

The  second te rm in (9) is not  more  than  
n 

sup ( l ( ~  ~O,t)(~n(X) -- ~Oo(X))l(p(x)) -1)  
zEEME t=l  

z>O 
O0 

+ ~ sup (l~o.d~,(=)- ~,o(=))l(p(=)) -~1 
t=no zEEME 

z>_o 

" 6 

-< =~PE (~[~ I(~,(x) - ~,o(=))l(p(x)) -z) + i" 
~: /=l z>0 

It follows from inequalities (7) and (8) tha t  the first t e rm is not  more  tha t  6/4.  

We have by construct ion that  
n o  

sup ( [ ( ~ o , t ) ( ~ o n ( x )  -- ~o(x)) l (p(x))  -1)  -~ O, A .  
xEEME /=1 

z>0 

when n ~ oo. There  exists nl  > no such tha t  A .  _< 6/2  when n > n l .  Hence 

the value of (9) is not  more  than  6, when n > n l .  Thus  the s ta tement  of Theorem 

2.1 holds. 1 
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3. M a j o r a n t  Ergod le  Theorem 

Let M be a yon Neumann algebra with a faithful normal tracial state r, and let 

a be a linear positive normal mapping M --* M such that 

(1) a(1) < 1; r (a(x))  ~ v(z) 

for all x • M+. The mapping a has a unique extension to a linear continuous op- 

erator (which we shall also denote by a) from the space Lp(M, r) into Lp(M, 1"), 
where Lp(M, r)  is the space of ~'-integrable operators affiliated to M ([19], [24]). 

Let an(a, A) be as earlier. It follows by reflexivity of Lp(M, ~') [24], that  an(a, A) 
converges to E(A), where E is a projection on the subspace of a-invariant opera- 

tors in Lp(M, r)(1 < p < oo). It is known (see [24]) that an(a, A) converges a.s. to 
oo A , oo • E(A). The sequence (multisequence) {A,,},=l( { nl,n2,. . ,  nm},,,=l,z = 1,m) 

is called (0)-convergent to Ao • Lp(m, r) when n(ni, i = 1, m) ---* oo if there ex- 
B oo Lp(M, r) ists a decreasing sequence of selfadjoint positive operators { -}.=1 • 

such that inf .  B .  = 0 , - B .  < A.  - A0 < B,, for n = 1 ,2 , . . .  

( - B .  < A,,,,...,.,. - A0 < B . ,  n = rain ni). 
i=l,m 

THEOREM 3.1: For every positive operator A • Lv+~(M,'r ) (1 < p < ~ , ~  > 0) 

there exists B • Lv( M, r) such that 

I IBI I ,  < Cp,~l[AIl,+~;cr,,(a,A) < B, forn = 1 ,2 , . . .  

where Cp,, is some constant. 

Proof." Let C • Lp(M,r), C > O. By Theorem 1.2 [6] for every )t > 0 there 

exists a projection q • M such that 

~(1 - q) < 2 ~ - I ~ ( c ) ,  

qat(a, C)q • M; Ilqat(a, C)qlloo < A, for e = 1, 2, . . . .  

Denote A.  X[7,+oo)(A) by A(7), where X,(x) is the indicator function of the set 

~. There exists a projection q~ • M for A = 7/2 and C = A(7/2) such that  

r(1 - ql) < 47- t r (A(7/2)) ;  q, at(a,A(7/2))ql • M; 

Ilqx~t(a, A)qllloo <- Ilqx~t(a, (A - A(7/2)))ql Iloo + liquor(a, A(.y/2))ql IIoo <- % 



Vol. 76, 1991 ALMOST SURE CONVERGENCE 177 

Let 7-  = IIAIIv+l e", for n = 0,1, . . . .  There exist projections q.  E M such that  

qnat(a,A)q,  6 M, Ilq, a t (a ,A)q ,  lloo < 7-,  for all n , t  = 1 ,2 , . . .  and also 

r (1  - q , )  _< 47~-lr(A(7, /2)) .  

Let go = 1 - q 0 ;  g ,  = g , - 1 A q , ,  for n = 1 , 2 , . . . .  Then 

r ( g , )  _< r (1  - q , )  _< 47 ,"  r (A(7 , /2 ) ) .  

Let f,, = g.-1 - gn = g . - ,  A q., fo = go. Then 

7,, -< IIq-at( a,  A(7,,/2))q.lloo = liar(a, A(7./2))½q,,H~ 

< Ilat(,~,A(7./2))½f,,ll~ = II.f, at(,~,A(7,,/2)).f, lloo, for all t ,  rt = 1 ,2 , . - - .  

Let 6. = n 2. Then 

a t (a ,  A) < 2goat(a, A)go + 2/oat(a, A)fo <_ 27.  fo + 2goat(a, A)go, 

2 

2goat(a,A)go <_ (1 + 67 ' ) (1  + 6t)Tifi + i=I'I(1 + 6t*)gWt(a,A)g, ,  

n 

,1~i(1.= + 6.')g.-lat(a,A)g.-, <_ i=II (1 + 67')(1 + 6,,+,)7." f,, 
.+i 

+ II (1 + 67')g.at(a,A)g.. 
i=l 

Thus 

N 

at(a, A) _< 270/o + ~ n~=~(1 + 67')(I + 6.+,)7.]. 

N+I +I I i= ,  (I + 67')gN~r,(ot, A)gN , for t = 1 , 2 , . . . .  

Denote ~N=I(1 + 6.1)gNat(or, A)gN by BN,t and the sum of the two terms in (2) 

by BN. 
Let us show that  BN 6 Lp(M, r ) ,  IIBlvllp < Cp,ellAIIv+e. We have 

N 
lIBNIi~ = ~(2'~Io + ~ (n~=,(1 + 6.+,)),~.. f.) 

m-----| 

N 

_< 2"7o' + 2~'3"~o'~(go)+ ~ (m + 2)~,e-~(q.) .-~o ,, 
m = 2  
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oo 

r(qm) < 47~lr(A(7m-1))  _< 4"fro I E "li+lr(X[7',7'+'] (A))' 
i----m--1 

ZTi+IT(X[7,,7,+x](A)) < ev (A)) e L,+e(M,r), when p > 1. 
i = l  

It follows that 

I[BNII~ _< 2V7o p + 35vT0v4 

+ 4 E (m + 2)2p£ ('-x}m • 7~" ei~'(X[-t,_,,,,l(A)) 
i----1 ~ m=2 

oo 

< C17~ + eV+14 E ( i  + 4)2V+le ' ( i - ' )  • 70 v- r(x[~,_,,-rd(A)) = D, 
i----1 

s i n c e  

mia{N, i+l}  

E (m + 212" _< (i + 412'+1 _< -~e e(i-1) 
m----2 

then D is not more than the next value 

oo 

fo~ i = 1 ,2 , . . . ;  

c ,~  + c3(1/~01" ~ ~0~+'~c'+')c'-l)rCxi~,_,;~,lCA)) 
i=1 

_< C17~ + C4[[A[[~+, = CVv,~ A p+e" 

Then ][BN[[p < Cv,,][A]lv+~ where Cv,e does not depend on N and A. The se- 

quence {BN}N°°=~ is increasing and norm bounded in Lp(M, v). It follows that 

there exist 

B E Lv(M,v), B >__ 0, IIBll,_< Cp,~llAllp+~, B = lim BN. 
N---*oo 

We have BN,t <_ ~2gNa/(~, A)gN. 
Since IIABIb < IlAllq" ]lBllr, 1/q + 1/r = 1/v it follows that 

1lgN~(~, A)gNIb < 119Nat(~, A)lb+AlgNIl.' < Ila~(,~, A)ll.+.llg~ll°', 

where s' = ( - ( p  + ~)-1 + p-1)-1.  It follows that [[BN,t[[v ~ 0 when N ~ oo. 

Besides at(a, AIBN + Blv,t <_ B + BN,t. When N ~ oo we have a t (a ,  A) _< B. 
| 
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THEOREM 3.2: Let A E Lp+~(M,r) where 1 <_ p < oo,~ > 0 and A = A*. Then 

~,*(a,A) is (O)-convergent i.  r / M ,  ~). 

Proo£" Assume that A _> 0. Let A., = X[~..,oc)(A) • A where/3,,* is a positive 

number,/~m T oo, such that  IIArnllp+. < 2 - ' ' - 3  when m >_ 2. Let 

c,~ = A -  A m -  E ( A -  A,~) ~ M. 

Then 

, , . (a,  c , . )  = ,,,*Ca, (C,. -- ,u(a,  C,.))  +, , ,* (a, , ,k(a,  C,.)) ,  

-~" l lC , . l l =  - ,r,*(a,,~,,(C,.)) _< , , . (a,  C,.)  _< ~11",,,11= + ,,,*(o,, ,,,,(a, C,.)).  
n 

Since II~.(a, Cm)llp+, --, 0, there exists a number to(m) such that 

II~.(a, era)lip+. < 2 - ~ - 3 ,  when k > k(m). 

By Theorem 3.1 there exists B"., E Lp(M, r)  such that 

C 2 -m-3 .  _2-(m+3)  _ tt B~. >_ 0; liB"lip _< ,,,. , B,,* < a,,(a, Or,.)<2 -('n+3) + Bin' , 

w h e n  

n > , , (m)  = [2"+=,,( ,- , , )11c,.1121 + 1. 

By Theorem 3.1 there exists B~ E Lp(M, r)  such that B~ _> 0, 

- B ~  <_ a,*(a, A m ) -  E(Am) <_ B~m, IIB~Hr < 2. Cp,.. 2 -m-3. 

When n > n(m) we have 

- 2  -(m+3) - B~ - B~ < a,*(a, A) - E(A) < 2 -0,*+3) + B~ + B~.  

Let 
,,(1) 

Bt = E a,(a, A) + B,*(,) when t < . (1)  
i=t 

and 
o o  

Bt = E (2-('~+3) + B :  + B2)  when .(t~) < g < n ( .  + 1). 

Then 

Ut > 0, Ut e rip(M, "r), B t  ~ 0, - n t  <_ at(a, A) - (A) < Bt. | 

Let M, r be as earlier and let a~, i = 1, m be a linear positive mapping from 

M into M satisfying condition (1); Ei is a projection of an ai-invariant subspace 

in Lp(M, r). 
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THEOREM 3.3: Let A E Lp+,(M,r) (I _< p < oo, e > 0), A = A*. Then 

n ~ l  Ilm_~l 
1 1 1 it i, ..aim,-(A) 

. . . . . . .  a I a 2 • 
n l  rt2 l°'m it---I im--I 

is (O)-convergent to E1 "" Era(A)in Zp(M,r) when t ~ co. 

Proof." Let us show by induction that for every selfadjoint operator 

A E Lp+~(M, r )  

there exists a sequence { B ~ ' ) } ~ I  C Lp+,/2,.(M,r) of positive operators such 

that  B~ m) ~ 0 when e --* co and 

-B~ ") < ~ , .  Ca, ~ . _ ,  ( a . _ , , . . .  ~ , ( a , ,  A)) . . . )  - E ~ . . .  E,(A) < B~ - )  

for all ( t , i i , . . - , e l )  such that minl<i<m{ei} _> e. 

When m = 1 this assertion is Theorem 3.2. Let us prove it for m = k. 
1 D t ¢ - - l ) / o o  There exists a sequence l~ t , l  ¢t=1 C Lp+t/2,,-~(M,r) by induction such that  

B(~-I) > 0; r~(~-a) t,l - ~t,1 ~ 0 when £ --¢ oo and 

n•l 
Ii k --I 

R ( s _ l )  < 1 1 a ~  ik-t _ t ~ ( ~ - l )  
. . . . . . . . .  a , _  1 ( A ) - E a  " - E k - I ( A )  < ~t , l  

- - u t , 1  - -  7ll n k - - I  i = l  i k - l = l  

when mina<i__k-, {t,} > g. Note that B~.~ ') --* 0 in I1" IIp+,/2k-, norm. 

Let {Bt(k.lq)}~_- 1 he a subsequence such that 

oo 

= . . , :  , ~  IIB~,l')llp+./2k-, < 2. lIB,,, IIp+./~,-,. 
i = l  

By Theorem 3.1 there exists Bt 6 Lp+t/2k such that 

r ~(k-1)~ ~t, tak,"t,,a j -< B,; liB, lip+,/2' -< C~. IIB~k,~)llp+,/2,-, for t , t  = 1 , 2 ,  . . . .  

It follows by (4) that the series Bt,1 = E ~ t B i  converges in Lp+~/2,, Bt,l ~ 0 when 

t --* eo and at,(a~,B~,~ 1)) <_ Bta. Let B:,2 = Bt,1 for t t  _< £ _< lt+l.  Then 

< or .  (am, o r , _ ,  ( a . - 1  • • • ott (al (A)) - Ek-l"'" El (A))  

< at,(a,,B~,-; 1)) < Bt,2, if rain{t/} > tt. 
- -  - -  i-----1 ,k --  
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There exists a sequence {Bt,3}t~1 C Lp+e/2 such that Bt,3 ~ 0 when l -o co and 

-Bt,3 _ ~t~(~,---,~t1(~1,A)) - Ek..-E~(A) < Bt,3 

when I t  > £. Let B~ t) = Bt,3 + Bt,2. Then 

{B~}~ c L,+,/~; B~ ~ t 0, l--co; 

-B~ k) < at, (a~,"" (at~ (al, A)) . . . )  - Ek.." El(A) <_ B~ k) 

for all (£k ,""  ,e l )  such that minl_<i<k{ei} > L I 

COROLLARY 3.4: Let ai, Ei be as in Theorem 3.3 and 

A E L p + , ( M , r )  ( l < p < c o ,  e > O ) .  

Then 
~t, (~k , . . .  ~ t (~ , ,  A ) . . . )  - E k . . .  E l (A)  -~ 0 

a.s. when ~i,i = 1,k converge to co. 
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